We study the one-loop effective action for a generic two-dimensional dilaton gravity theory conformally coupled to N matter fields. We obtain an explicit expression for the effective action in the weak-coupling limit under a suitable restriction of the dilaton potential asymptotics. Our result applies to the CGHS model as well as to the spherically symmetric general relativity. The effective action is obtained by using the background-field method, and we take into account the loop contributions from all the fields in the classical action and from the ghosts. In the large-N limit, and after an appropriate field redefinition, the one-loop correction takes the form of the Polyakov-Liouville action.
Introduction
Two-dimensional (2d) dilaton gravity theories are useful models for gaining understanding about the quantum properties of black holes [1] . A usual way of exploring the quantum effects is by studying the effective action, which can be obtained by using the standard covariant perturbation techniques. Covariant perturbative quantization of 2d dilaton gravity theories has been studied by many authors [2, 3, 4, 5, 6, 7, 8, 9] , but surprisingly, there has not been any systematic study of the effective action. In the context of 2d sigma models, which are related to 2d dilaton gravities, a one-loop contribution due to the scalar fields has been evaluated in [10] . In the case of the CGHS model [11] , an incomplete one-loop effective action has been found from a combination of the path-integral measure and the β-function considerations [12, 13] . Subsequently, further one-loop terms were found from the symmetry considerations [14, 15] .
In order to give a systematic derivation of the one-loop CGHS effective action, and in order to do the same for a more realistic model of the spherically symmetric general relativity, we will study the one-loop effective action of a generic dilaton gravity theory coupled to conformal matter. The classical action of such a theory is given by
whereg,R and∇ stand for the determinant, the scalar curvature and the covariant derivative associated to the physical 2d metricg µν , α is a numerical constant and i = 1, ..., N. Φ is the dilaton scalar field, while f i are the matter scalar fields. When α = 4 and U(Φ) =const.= 4λ 2 the action (1.1) is the CGHS model, while α = 2 and U(Φ) = e 2Φ gives the spherically symmetric general relativity coupled to null-dust (in units G = 1, where G is the Newton constant) [16] , to which we refere as the SSND model. If the dilaton is redefined as φ = e −2Φ , and after an appropriate rescaling of the metric (g µν = e αΦ/2 g µν ), the action (1.1) simplifies
In this form the CGHS model is given by V (φ) = 4λ 2 , while the SSND model is
given by V (φ) = 1/ √ φ. The form (1.2) is more convenient for the calculation of the effective action, and the only restriction on the dilaton potential will be that for large φ the potential V will behave as φ −k , where k ≥ 0. This ensures that in the weak-coupling limit φ → ∞ (which for the spherically symmetric general relativity means large radius r, since in that case φ = r 2 [16] ) we can ignore the contributions to the effective action proportional to d n V /dφ n or to V n+1 for n ≥ 1. In this limit we will calculate the complete one-loop effective action, which will include the loop contributions from the metric, the dilaton and the ghosts.
In section 2 we set up the background field method we will use for the calculation of the one-loop effective action. In section 3 we expand the results of section 2 to the first order in a perturbation of the background metric, since this simplifies the calculations. In section 4 we calculate the contribution to the effective action which is independent of φ-derivatives. In section 5 we calculate the contribution for a flat background metric. In section 6 we combine the results of sectons 4 and 5 and give our final result. In section 7 we present our conclusions.
The background field method
In order to calculate the one-loop effective action we will use the background field method in a formulation given by Abbot [17] . The effective action Γ[φ 0 ] can be expressed as
where φ 0 denotes a set of the classical background fields. S is a sum of the classical action, the gauge-fixing action and the ghost action, so that the integration variable φ also includes the ghost fields. However, for the ghosts J = 0 and φ 0 = 0. The source J is a function of φ 0 , which is determined from
One then splits φ as φ = φ 0 +φ whereφ is a new integration variable, called the quantum field. The path-integral (2.1) is then evaluated perturbatively, by Taylor expanding S(φ 0 +φ). For the one-loop approximation, one expands S to the second order inφ, while J is expanded to the zeroth order inh, so that
where ′′ denotes the second functional derivative. Approximation (2.2) then yields the one-loop effective action formula
In our case, we split the fields {g µν , φ, f } into the classical background fields {g µν , φ, f 0 } and the quantum fields {h µν ,φ, f } as 4) so that quadratic in quantum fields part of the action (1.2) is given by
The indices in (2.5) are lowered and raised by the classical metric g µν , while h = g µν h µν and D µ is the covariant derivative associated to g µν . S (2) has two type of gauge symmetries; classical and quantum. This ensures that after fixing of the quantum guage symmetry one still obtains a gauge-invariant effective action. We choose the gauge-fixing condition as 6) so that the gauge-fixing term in the action takes the form
(2.7) is chosen such that the total action has a minimal structure, i.e. the second spacetime derivatives acting on the quantum fields appear only as 2. The ghost action will be analised later. By combining (2.5-7) we get
In order to remove φ from the kinetic terms for h in (2.8) we rescale
This field redefinition does not change the path-integral measure, since the Jacobian of the transformation (2.9) is equal to one. This can be shown by using the dimensional regularization and the delta-function identity δ (2+ǫ) (0) = 0. S
tot then changes as follows
where φ = e −2Φ . Instead of using h µν it is more convinient to useh µν = Π
hg µν and h. We take D = 2 + ǫ as the dimension of the spacetime, since we are going to use the dimensional regularization [18] , and
is the projector onto traceless states. We will also use the doubling trick of ref. [18] , so that we relabel the quantum fields {h
and add to the action (2.10) the same action, but with the quantum fields relabeled as {h ′′µν , h ′′ ,φ ′′ , f ′′ }. This allows us to work with the complex fields
so that (2.10) can be rewritten as
where
12)
The matrix elements in (2.13) are defined aŝ
14)
In the lowest-order weak-coupling approximation the matrix elements of (2.13) do not depend on the potential V (φ), because the terms
, and we can discard them . Therefore the leading-order weak-coupling approximation will not depend on the potential V .
After fixing of the quantum gauge symetries, we must introduce the corresponding ghost fields. Under the general coordinate transformation the quantum metric h µν and the fieldφ transform as follows
The ghost action is then given by
where we write only the part of the ghost action which gives the contribution to the one-loop effective action. We can rescale
so that
Expansion around a flat metric
The calculation of the one-loop effective action can be simplified by expanding the background metric around a flat metric η µν as
After inserting (3.1) into (2.12) and (2.13), we get
αβ is given in (3.8) and
3)
The matrix elements in (3.3) which are relevant for our calculation are given bỹ
where 8) and γ = γ µν η µν . In the case of the ghost action (2.31), expansion (3.1) yields
After a suitable transformation of the complex fields in the path-integral (2.2), we get from (2.3) the following one-loop contribution the effective action
where K −1 M and T are defined by (3.3) and (3.9). After expanding the logarithm in (3.10), we obtain
4. Calculation of the effective action for φ =const.
In this section we will compute the part of the effective action which is independent of ∂φ, which can be done by taking φ to be a spacetime constant. Also, we will discard the terms proportional to 1/φ = e 2Φ , since they give a sub-leading contribution in the weak-coupling approximation. First, we compute the terms in (3.11) which containṼ . We denote the vertices with two, one and zero spacetime derivatives as A, B and C, respectively. The contribution due toh µν loops can be written asṼ
Note that if we set Φ = const. in (3.4) and if we are not carefull when calculating the corresponding one-loop contribution to the effective action, we may obtain a result independent of Φ, which is wrong. The term which requires a carefull consideration is dx √ gR 1 2
2Φ
, and it gives a nonzero result for Φ = const., which is dx √ gRΦ.
Now, one can show that A and B diagrams are equal zero (see the Appendix). The diagram C is given by (formula (A.5) of the Appendix)
Note that the last term in the first line of (4.2) is a non-covariant quantity. We will denote the diagram which contains a vertex X and a vertex Y as XY , where X, Y ∈ {A, B, C, ...}. The AA diagram is given by
where the Green's function G(x − y) satisfies
By using (A.8), (4.3) becomes
The AB diagram is equal to zero. The AC diagram is given by
If we use (A.10) and
The BB diagram is given by
From (A.13) and (4.10) we get
were we have taken into account that Φ is a spacetime constant. Since
12) (4.11) can be rewritten as
Covariantization of (4.13) gives
By summing up the non-covariant terms in (4.14) and (4.2) we obtain a general coordinate invariant result. BC and CC diagrams are equal to zero.
There is also a contributions to the effective action from the term
By using (A.8) we get
The other terms in (3.11) are either zero or of a sub-leading order in e 2Φ .
The contribution due to the ghost loops is given by the last line in (3.11)
Again, we calculate only the diagramsĀ,B,C,ĀĀ,BB,CC,ĀB,ĀC,BC, which apper in (4.16). The calculation is similar to the previous calculation, so that we give only the list of resultsĀ =B =ĀB =BC = 0, (4.17)
(4.22) By collecting (4.1-2), (4.5), (4.9), (4.14-15) and (4.17-22), we get that the ∂φ-independent part of Γ 1 is given by
Calculation of the effective action for g µν = η µν
In this section we will compute Γ 1 in the special case of the flat background, i.e. when g µν = η µν . We start from (3.11) and by using (3.4) we get
Since the terms with two derivatives do not appear in (5.1), our calculation will be simpler. Again, we will denote the terms with one derivate as B, and the terms without derivates as C. By using (A.5) we get
By using (A.13) we obtain
The matrix elements P and S are given by the expresssions (3.5) and (3.6). After inserting g µν = η µν we get
(5.5) and similarly
Next, we will calculate the GM diagram. From (2.15) and (2.18) we get
where we have descarded the terms which vanish after the integration. By using (A.13) we get
It is easy to see from (2.16) and ( 2.22) that the diagram HN vanishes.
The diagram QL is given by
From (A.13) we get
The diagrams W Y and XZ are of the order e 2Φ , and we will descard them in the weak-coupling approximation.
The contribution from the ghost loops is determined by
which is obtained from (3.9) by taking g µν = η µν . (5.11) gives only two diagrams differant from zero. These areC andBB. From (A.5) we get
while (A.13) givesBB
By colecting (3.11), (5.2), (5.4-6), (5.8), (5.10), (5.12-13) we get that the one loop correction to the effective action in the case of the flat background metric is given by
(5.14)
6. The complete one-loop effective action
In sections 4 and 5 we have found the one-loop effective action in two special cases: φ = const. and g µν = η µν . In this section we will compute the complete oneloop effective action by adding to Γ 1
(1) + Γ 1 (2) the terms which vanish for φ = const.
and g µν = η µν . It is easy to see from (3.4-7) and (2.14-27), that there is only one such term in the weak-coupling approximation. It is given by
and our task is to determine the coefficient which multiplies it.
We start from the diagrams in (4.1). The term (6.1) appears only in the diagram AC, which is given by
In (6.2) we have written only the relevant terms of the C vertex. From (A. 10) we get
we can rewritte (6.3) in the form
The term (6.1) appears in P P and SS diagrams, whose contribution is
(6.5) (6.1) also appears in the diagrams with ghost loops. From (3.9) we see that the relevant part of theĀC digram is
By using (A.10) we get
After summing up (6.4), (6.5) and (6.7) we obtain
By collecting (4.23), (5.14) and (6.8) we get the bare effective action 9) where S is the classical action (1.2). After making a modified minimal subtraction of the poles in (6.9) we get the renormalized one-loop effective action
The expression (6.10) is our final result. By going back to the original form of the action viag µν = e αΦ/2 g µν we get
where now S is given by (1.1). In the case of large N, (6.11) gives
(6.12) In the case of the CGHS model, this is the action proposed in [15] . This action also coincides with the one-loop action obtained from of the operator quantization of the CGHS model [19] .
Conclusions
The results (6.10-11) imply that the leading-order weak-coupling contribution to the effective action is independent of the potential V . The model dependence can be seen in the form (6.11), where it comes from the dilaton kinetic term coefficient α of the original action (1.1). The large-N one-loop corrections are similar to the BPP case [15] , but with the model-dependent coefficients. Only the Polyakov-Liouville term has a model-independent coefficient, which is not surprising, since its origin is from the integration of the matter fields, whose Lagrangean is model independent. Note that we have obtained the coefficient N − 24 multiplying the Polyakov-Liouville term, which can be understood as c = N + 2 − 26 conformal anomaly, where N is the contribution from the matter fields, 2 is the contribution from the dilaton and the conformal factor and −26 is the ghost contribution.
It is interesting that the weak-coupling approximation does not coincide with the large-N approximation, given that both approximations are semiclassical. This is not that surprising, since the weak-coupling approximation is a more general one, because besides the matter loops it also includes the graviton and the dilaton loops. In the context of spherically symmetric general relativity this means that the large black hole mass approximation (large N) is included in the large radius approximation. An intriguing feature is that the operator quantization of the CGHS model gives the large-N result (6.12) as the exact one-loop result [19] , while the covariant perturbation theory seems to give a non-zero contribution for the lower orders in N. It is possible that a resummation of the lower-order in N terms exist, such that it gives zero. The second possibility is that these two methods give results which are not equivalent when N is not large. It would be interesting to explore this issue for the case of the spherically symmetric general relativity as well as for the case of the CGHS two-loop approximation [20] .
APPENDIX A
In this appendix we will compute diagrams which we need for evaluating Γ 1 . We will use the dimensional regularization with D = 2 + ǫ. In our case the relevant lagrangean can be written in the form
where now φ denotes the set of relevant fields.
The A diagram is given by
2) is infrared divergent and we must regularize it. We use a modified minimal subtraction scheme [21] , where a counterterm is added to the propagator
By inserting (A.3) into (A.2) we get A = 0. Similarly, we get B = 0. The diagram C is given by
The first term in (A.4) is equal to zero, so that
Therefore C is a UV divergent constant.
The AA diagram is given by AA = dxdyA ab (x)A cd (y)∂ which is UV divergent. After a suitable Fourier transformation we arrive at AA = 1 4 dp 1 (2π) 4 A ab (p 1 )A cd (−p 1 )
This gives AA = iπ The diagrams BC and CC are only IR divergent. After using (A.3) we get that they are equal to zero. In our calculations we have ignored the term ln p 2 µ 2 , where µ has the dimension of mass.
